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We compare the Particle-Particle Particle-Mesh (PPPM) and Ewald methods for calculating electrostatic
interactions in periodic molecular systems. A brief comparison of the theories shows that the methods
are very similar differing mainly in the technique which is used to perform the “k-space” or mesh calcula-
tion. Because the PPPM utilizes the highly efficient numerical Fast Fourier Transform (FFT) method
it requires significantly less computational effort than the Ewald method and scales almost linearly with
system size.

KEY WORDS: Electrostatic interactions, particle-particle particle-mesh, Ewald summation, molecular
simulation.

1 INTRODUCTION

Given finite computational resources, there will always be a limit to the number of
atoms which can be explicitly included in a molecular dynamics simulation and,
accordingly, there will be a surface or boundary of the system which must be
considered. In the simplest approximation, one could consider the explicit system to be
surrounded by a vacuum. Under this assumption, the atoms in the neighborhood of the
surface will feel an imbalanced force which will distort their structure from that
typically found in the interior of an extended system. If, as in many cases, we are
interested in macroscopic systems, then the surface effects are undesirable artifacts
which should be eliminated if possible.

The distortive effects of the vacuum outside the simulated system can be reduced by
conceptually considering the system to be enclosed by an infinite implicit bath. The
influence of the bath is then approximated by altering the motions of the outer layers of
explicit atoms and by appropriately modifying the forces which the explicit atoms feel.

* Author to whom correspondence should be addressed.
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Typically, the positions of the outer layer of explicit atoms are restrained and the
dynamics of these atoms may be coupled with a heat bath to simulate energy exchange
with the surroundings [1,2]. These stochastic boundary methods coupled with the
newly developing computational continuum electrostatic methods [3-5], for accu-
rately estimating the forces exerted by the implicit bath on the explicit atoms, look very
promising. Unfortunately at present, these methods are still computationally quite
expensive and there are number of important unknown parameters which are not easily
estimated a priori [6].

A second alternative, which is well established, is to consider the simulated region to
be infinitely repeated on a periodic lattice to completely fill space. Using Periodic
Boundary Conditions (PBCs) we are able to reduce the effects of having “free surfaces”
at the expense of introducing a periodicity into the system. Whether the benefits of
reducing the surface effects outweigh the imposed periodicity is dependent on the type
of system under study. For instance, in simulations of molecules in the crystal phase the
periodic boundary conditions are a good approximation and there is little question
that an attempt should be made to model them accurately. In a homogeneous system,
such as a solution of small ions dissolved in water, it appears that benefits of eliminating
the free surfaces may outweigh the penalty of the artificial periodicity. Also, as
discussed in the next paragraph, there are methods to minimize the effects of the
periodicity. In non-homogeneous systems, such as the very interesting case of a macro-
molecule surrounded by a solvent bath, the question becomes even more difficult and,
perhaps, only answerable by numerical experimentation.

Of the interactions present in a molecular system, perhaps the most important, due
to their long range nature, are the electrostatic interactions. In an infinite periodic
system, it is, of course, impossible to calculate the interaction between all atoms and
periodic images using a straight forward application of Coulomb’s law. As an alternative,
one could consider including only the interactions of an atom with atoms and images
out to a certain cutoff radius. For homogeneous systems, the interactions beyond the
cutoff radius can be estimated very accurately using newly derived expressions for the
Poisson-Boltzmann generalized reaction field [7]. For truly periodic or non-homo-
geneous systems, one must either approximate the true correction by the correction
used for a homogeneous system or, as is commonly done, 1gnore the interactions
outside the cutoff radius. For the non-periodic system, this technique has the benefit of
reducing the effects of artificial periodicity. However, computational constraints
usually limit the cutoff radius in the range of 9-10 A, which may introduce significant
errors into the calculation. There is some evidence that cutoff radii even up to 14 A&
may be insufficient to avoid sizable distortions of the spatial distribution of ions or
structures of small polypeptides [7, 8].

To include all interactions in a periodic system, an alternative to the direct application
of Coulomb’s law is to split the single function into the sum of two functions. The first
function is constructed to be a rapidly varying short-ranged function which is best
handled by direct summation. The second function is a smooth periodic long-ranged
function which is well suited for solution by Fourier methods. Of these methods, the
most popular is the Ewald method which has been applied quite successfully to
molecular simulations [8,9]. In this paper we consider, as an alternative to the Ewald
method, the Particle-Particle Particle-Mesh (PPPM) method which has been fully
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developed by Hockney and Eastwood [10]. This method has been applied in the
simulation of plasmas but has not been extensively used in molecular simulations. In
constrast to the Ewald method which performs the Fourier Transforms analytically,
the PPPM method relies on the very efficient numerical Fast Fourier Transform (FFT)
techniques. A simple comparison of the similarities and differences of the two methods
is the subject of the next section.

The remaining forces in a molecular simulation typically contain terms to account
for the covalent interaction of bonded atoms and terms to account for the dispersion
and repulsion between non-bonded atoms. The computational costs of evaluating the
covalent interactions scale as the number of atoms in the system and is a small
percentage of the total computational demand. The dispersion/repulsion terms are
usually modeled using a Lennard-Jones (6—12) type potential energy function. Contrary
to the Coulombic interaction, the Lennard-Jones interaction is short-ranged and
a direct sum can be performed over a sufficient number of neighboring atoms. From
a practical point of view, it would be desirable to have the short-range part of the
Coulombic interaction operate over the same region as the Lennard-Jones interaction.
A comparison of the computational efficiency of the two methods under this restriction
is the subject of the third section. In the final section, we present some conclusions
which can be drawn from these comparisons.

2 THEORY

Here we describe briefly the theory behind the Ewald and PPPM methods. This
description is only intended to highlight the similarities and differences in the two
methods and was derived from the development presented by Berendsen [11]. For
rigorous derivations of the individual methods we refer the reader to the literature
{10,12].

Both the Ewald method and PPPM method separate the interaction between point
charges into the sum of a short-range function and a long-range function. To
accomplish this, a “shielding” charge distribution (of equal magnitude) is subtracted
from the original point charge. The resulting interaction from the combination of the
point charge and shielding charge is a short-range function which is best handled by
a direct summation over nearest neighbors. Effects of the shielding charges, which are
long-range but which will be of a much smoother nature than those of the original point
charges, are then removed using Fourier methods.

2.1 Ewald Method

The Ewald method splits the electrostatic potential into the sum of a short-range
potential and long-range potential. The standard Ewald method uses a three-dimen-
sional Gaussian shaped shielding distribution:

3
.
7l ")=WCXP(— a*r?) (1)
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The short-range electrostatic potential generated by a unit point charge minus the
normalized Gaussian shielding charge distribution is [12]:

.01 = o (£ - 12) @

4meq\r r

The original potential of the point charges is then found by adding the potential due to
all the shielding charges. The potential of the shielding charges is found by analytically
Fourier transforming Poisson’s equation, solving the equation for the Fourier trans-
formed potential, and then applying the inverse Fourier transform to yield:

1 exp(— k?/(4a?))

¢1(7) ZWZ—k;“”—Z qicxp(ifc.-(T:—_r',-)) 3
0

k

2.2 Particle-Particle Particle-Mesh Method

We define the interaction potential as the electrostatic interaction energy between two
charge distributions divided by the product of the net charges (i.e.  (r, i) =Ulr;)a;q9,)).
For two charge distributions, the interaction potential can be determined by integra-
ting the electrostatic potential generated by the first distribution over the charge
distribution of the second. For point charges the interaction potential reduces to the
familiar electrostatic potential.

The PPPM method separates the interaction potential into the sum of a short-range
function and a long-range function. The short-range component is the sum of the
interaction potential of two point charges minus the interaction potential between the
two shielding charge distributions. The standard charge distribution suggested by
Hockney and Eastwood is the S2 function [107:

7’(7)=nifz<g—r> r<ajl 4
y7r)=0 r>a/2 (5)

The short range interaction potential between two particles, each with a S2 charge
distribution y(r ), can be expressed as a polynomial in ¢, ;=Qr;/a).

l 1 1 2
)= - — — C & <2 6
Vsl&y) 4re, <r‘.j 70a ,,;11 "é”> 4= (6)
where the constants C_,...C, are for 0 < &<, C=(0,208,0, — 112,0,56, — 14,
—83)andfor 1 <¢; <2, C=(12,128,224, — 448,280, — 56, — 14,8, — 1).

The correct interaction potential between the original point charges is then found by
adding the interactions between the shielding distributions. Again, by using the method

of Fourier transforms, the long-range interaction can be written as:

0Ky =221 5(K) = G(K)p(K) (7)
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To solve this equation numerically, we perform the following steps:

1. Assign the charges from the atoms to a grid which encompasses the simulation
region.

2. Fast Fourier Transform (FFT) the gridded charge densxty to obtain p(k ).

3. Multiply p(k) by G(k) at each grid point to get v,k

4. Apply the FFT again, this time to l[/ (k) which ylelds zp (¥) at the grid points.

The electrostatic fields can be found at the grid points by numerically differencing the
potentials. The electrostatic potentials and fields at any point in space can then be
interpolated from the known values on the grid.

In Hockney and Eastwood’s “Q- -minimizing method” [10], G(k )is not simply taken
equal to §(k )?/(e,k?) but is calculated to give a force from the mesh which is as close as
possible, in a least squares sense, to the force expected from two y(7) shaped charge
distributions. The optimal influence function, G(k), for a given system size, charge
shape and assignment/interpolation function, needs to be constructed only once before
the simulation is performed, thereafter the interactions are calculated by simply
applying the above steps. Again, for the details of the method we refer the reader to
Hockney and Eastwood [10].

3 RESULTS

In both methods, the short range interaction is significant only over a limited distance
R, which can be arbitrarily set by adjusting the value of « or a for the Ewald or PPPM
methods, respectively. To evalulate the short range interactions for the system, one
could consider each atom i and loop over all other atoms j selecting only those which lie
within a distance R,. This algorithm obviously grows as the number of atoms in the
system squared (N?) and is a very large computational burden to a dynamics
simulation. To reduce computational demands, most molecular dynamics programs
employ a pair list paradigm [13]. The pair list is first constructed using the algorithm
above or perhaps a more sophisticated neighbor locating method. This list is subse-
quently used for several time steps n of the system, thus reducing the computational
requirements per step by a factor of n.

As discussed in the Introduction, in a molecular system there are dispersion/repulsion
interactions between atoms. For these interactions, a cutoff of 8 A is typically sufficient.
From a practical point of view, it would be convenient if a similar cutoff distance couid
be used for the short-range electrostatic interactions. Requiring a shorter distance for
the electrostatics would have negligible computational savings since similar calcula-
tions must be performed for the dispersion/repulsion interaction. Allowing the distance
to become significantly larger, requires the generation of a much larger pair list which
can require significant amounts of memory.

To compare relative computational efficiencies of the PPPM and Ewald methods,
we calculated the electrostatic forces in three systems of different size. A single
configuration, typical for homogeneous distribution of sodium and chloride ions in
simple point charge (SPC) water, was selected for each system. The number of ions and
water molecules and the box length for each system are summarized in Table 1. The
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systems correspond to a concentration of approximately 1.286 Molar in each of the
ions and a Debye inverse screening length of 0.3682 A~ 1.

For both methods, a priori force error estimates are non-trivial. For the Ewald
method, Kolfka and Perram [ 14] present some simple formulas based on approximate
local charge neutrality. For a desired Root Mean Square (RMS) error and a given
cutoff radius R,, these formulas can be used to estimate a reasonable « and [, (i.e. the
integer cutoff radius for the number of required k-space vectors). Using a cutoff
R, =8A, the predicted « and I, for a desired accuracy of 10~* and 10~ 2 kcal/mol/A
are given, for each system, in columns 5 and 6 of Table 1.

Hockney and Eastwood give elaborate methods for determining the origins of errors
in the Particle-Mesh (PM) calculation: charge undersampling, too large harmonic
content in the reference force, finite differencing errors, etc. These measurements help to
determine the necessary modifications to improve accuracy, and give a global measure
of the error in the PM calculation. The error in the Particle-Particle (PP) calculation
can also be estimated using similar assumptions to those proposed by Kolfka and
Perram [14]. In particular, since the charge distribution with the S2 function extends
only over a finite region, the error in the Particle-Particle (PP) interaction can be made
identically zero by requiring R, to be greater than a. In practice, because increasing
the value of a makes the distribution smoother and therefore increases the accuracy
of the PM calculation, it may be beneficial to make a larger than R_ and tolerate some
error in the PP calculation to reduce overall error.

Practically, there are many choices to be made in a PPPM calculation and it may be
easier to perform some experiments numerically. We have experimented with two
schemes. The first scheme is the combination suggested by Hockney and Eastwood
[10]. The charge from each atom is allocated to the nearest 27 grid points using
a “Triangle-Shaped Charge (TSC)” function. The potential is interpolated using the
same TSC function and the electrostatic fields are found using a 4-point central finite
difference stencil. The grid size h was approximately 1A (see Table 1). In the second
scheme, the charge is allocated to the nearest 8 grid points using a simple tri-linear
weighting. The potential is interpolated using the same weighting and a simple 2-point
central finite difference stencil is used to estimate the fields. To compensate for the
errors caused by using a coarse assignment/interpolation and potential differencing,
a finer grid of about 0.5 A spacing was used (see Table 1).

Table1 The three molecular systems used in this study consisted of approximately homogeneous mixtures
of water and sodium and chloride ions in a cubic box of the specified length. There were an equal number of
positive and negative ions in each system (i.e. for system 1 there were 5 sodium and 5 chloride ions) such that
the entire system had no net charge. Parameters for the Ewald method (a,1,,,) were estimated using the
formula proposed by Kolfka and Perram. The number of grid points (N,) in each dimension and the grid
spacing (h) for the two PPPM methods described in the text are also given.

Sys Number of  Number of Box Length  Ewald(1) Ewald(2) PPPM(1) PPPM(1)
water ion pairs o Lax o Lax N, h N, h
(A [A™'] [A'] [A] [A]
1 206 5 18.6206 0335 5 0276 4 16 1.164 32 0.582
2 1648 40 37.2412 0335 10 0276 7 32 1164 64 0-582

3 5562 135 55.8618 0.335 15 0.276 11 48 1.164 96 0.582




19: 27 14 January 2011

Downl oaded At:

ELECTROSTATIC INTERACTIONS IN PERIODIC SYSTEMS 17

As with all methods which rely on FFTs, the PPPM method is restricted in grid sizes
to preferably powers of 2, although most FFT’s have been optimized to perform well
also with radix 3 and 5. Although this is inconvenient, it is usually not too difficult to
find an appropriate grid size and spacing for any given system of interest.

In Table 2, we present measures of the errors in the forces for system 3 (resuits for
systems 1 and 2 were similar). The errors are calculated using a very conservative Ewald
calculation (x=0.633A"" and I, =58, estimated error in the force of
10~ *2kcal/mol/A) as a reference. In the first row of Table 2, the absolute error of the
force in kcal/mol/A is presented measured either as RMS error, (I/N)[Z(f ¢ — £,)2]'/2,
or in parentheses as maximum error, MAX {{f¢* — f;|}, where f; is the magnitude of the
force on atom i and f ¢ is the magnitude of the force from the “exact” reference Ewald
calculation. In the second row, the corresponding measures of the percentage relative
error, (/N)[Z(f& —£)2/(f)* 1%, MAX {I(f&—f)/f¢*|}, are given. Finally, in the
third row, the directional errors, (1/N)%6, and MAX{|6,|}, where 0, is the angle
between the calculated force and the “exact” reference force, in degrees, are given. From
Table 2, it is clear that all methods give reasonable errors typically with a very small
percentage relative error and a maximum error on the order of 1 kcal/mol/A. Values
from the least accurate method proposed, PPPM(2), which uses the coarse assign-
ment/interpolation and 2-point finite differencing, are perhaps too large for practical
simulations. Ewald calculation (1) has an RMS error very close to the prescribed
10~ *kcal/mol/A used to estimate the parameters while the second Ewald calculation,
Ewald(2), has noticeably smaller RMS than the prescribed 1073 kcal/mol/A. The
PPPM(1) combination favored by Hockney and Eastwood, using a TSC assignment/
interpolation and 4-point finite differencing, has errors intermediate to the two Ewald
calculations.

In Table 3, the CPU timings for the four methods are presented. Timings were
performed on a Sun Sparc 2 workstation and on an IBM RISC/6000. All calculations
were done using double precision. Both the Ewald and PPPM methods require
calculation of short range interactions which can be accomplished by constructing
a pair list and then interpolating the interaction from a pre-constructed table for each
pair. The CPU time for constructing the pair list, using the simple double loop
algorithm described in the Introduction, and the CPU time for calculating the short
range interaction for each pair from a table look up are presented in the third and
fourth columns of Table 3, respectively. As expected, the simple pair list algorithm,
scales as the number of atoms squared and if constructed at every step in a dynamics

Table 2 Errors in the force calculated for system 3 relative to reference values calculated using a very
conservative Ewald calculation (estimated error comparable to numerical round off). The first row gives the
absolute error of the magnitude of the force in kcals/mol/A measured as RMS or as the maximum error (in
parentheses). The second row gives the corresponding percentage relative error in the magnitude of the force
and the final row gives the corresponding measures for the absolute directional error in degrees.

Error Ewald(1) Ewald(2) PPPM(1) PPPM(2)

Absolute 0.106e-3 (0.058)  0.654e-3 (0.351)  0.194e-3 (0.098) 1.819e-3 (1.995)
Relative [%] 043%-3 (0.367) 2.88le-3 (2.831) 0853e-3 (1.280) 7.693e-3 (12.52)
Direction 0.6ile-3 (0.007) 3.736e-3 (0.043) 1.346e-3 (0.027) 9.289%-3 (0.146)
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simulation would dominate the computational effort for a large system. If, as in
practice, the list is re-constructed only every 10-20 time steps, the computational cost
can be significantly reduced. Moreover, with sophisticated algorithms [15], the cost of
generating a pair list can be made to scale linearly with the number of atoms. Since both
implementations which we are comparing require the construction of a pair list,
a discussion of these algorithms is beyond the scope of this paper. Given a pair list, the
CPU time spent calculating the short range interaction, as expected, scales linearly with
the number of atoms (column 4, Table 3).

Listed in columns S and 6 are the CPU times required for performing the “k-space”
calculations in the Ewald sums. It should be noted that the code used to calculate these
interactions was derived from that presented by W. Smith [16] and takes full advantage
of obvious simplifications such as exploiting the symmetry in k-space and using

‘trigonometric identities to reduce the double summation over particles to a single

summation. This particular Ewald code has also been used for production runs in our
laboratory, and therefore a more thorough optimization, including the pre-caiculation
and storage of common factors has also been performed. However, even when carefully
optimized, the Ewald code for a fixed value of the cutoff grows as the number of
particles squared. This is due to the requirement that the k-space cutoff (I, ) grows
with the system size and that we require a summation over k-space vectors for each
particle. It is well known that if we allow the cutoff radius to vary, the Ewald method
can be made to scale as the number of particles to the 3/2 power [17]. As mentioned
above, for practical reasons we prefer to fix the value of the cutoff radius.

Listed in columns 7 and 8 are the CPU times required for performing the Particle-
Mesh calculations. On the Sun workstation, we used the standard NAG Mark 14 [18]
subroutine CO6FJF to perform the FFTs and on the IBM workstation we used the
routines DRCFT3/DCRFT3 from the IBM ESSL library [19] to perform the FFTs.
Because the assignment/interpolation scales linearly with the number of particles and
the FFT scales only slightly worse as N log,(N), the computational cost of the PM

Table 3 CPU times for calculating forces using the methods described in the text. Timings were performed
using either a call to the standard Fortran dtime subroutine on the Sun Sparc 2 workstation or the IBM timef
subroutine on the RISC/6000 workstations. The columns labeled Pair List and Short Range are the CPU
times required to perform the pair list construction and calculate the short range interaction using a table
look-up. Both the Ewald and the PPPM method require these computations. Ewald (1) and Ewald (2) are the
CPU times required to calculate the “k-space” contribution to the electrostatic forces using the Ewald
method with the parameters listed in Table 1. PPPM (1) and PPPM (2) are the CPU times for calculating the
Particle-Mesh contribution to the electrostatic forces for the PPPM method described in the text. All times
are in seconds.

Sys  Number Pair Short Ewald(1) Ewald(2) PPPM(1) PPPM(2)
of Atoms  List Range v

Sun 1 216 3.17 2.68 285 1.50 1.45 4.74
Sparc 2 2 5024 20143 20.73 177.13 61.56 11.25 36.35
3 16956 291562  77.38 2023.22 801.08 38.67 129.39

IBM 1 216 0.62 0.69 0.35 0.19 0.10 0.12
RISC/6000 2 5024 64.66 6.21 4442 15.13 0.97 1.00
3 16956 731.03  20.89 489.75 198.87 3.69 332
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calculation grows approximately linearly with the number of particles. More import-
ant than the theoretical scaling is the result that a PPPM calculation can be a competi-
tive alternative to the Ewald calculation even for relatively small systems.

Itis alsointeresting to compare the PPPM method to a traditional calculation which
uses a cutoff and ignores the long range component of the electrostatic interactions
outside this distance. For System 2 described above, the PPPM(1) method requires two
323, preferably double precision, grids of values on top of the storage required for the
8A pair list and other variables. The pair list requires approximately 520,000 integers,
which, if stored in a standard 4-byte representation, requires almost 4 fold more
memory than the double precision grids. More interestingly, if we increase the cutoffto
10 A, which is more typical value for the traditional method, the size of the pair list
approximately doubles and the CPU time for the calculation of the Coulomb interac-
tion increases by almost 17 seconds on the Sun workstation and by almost 5 seconds on
the IBM workstation. This leads to the non-obvious result that the PPPM method
requires less computer time and on the order of half of the memory to perform
a calculation including all periodic images, than is required by a traditional calculation
using a 10A cutoff radius.

4 CONCLUSIONS

Relative to the maximum possible time step in a dynamics simulation, the time scales
necessary for a careful investigation of dynamic phenomena of molecular systems can
be daunting. In order to reach these time scales, every effort needs to be made to make
the simulation program as efficient as possible while retaining the required accuracy. It
is apparent that even for a relatively small molecular system, the PPPM method
developed by Hockney and Eastwood can be an attractive alternative to the Ewald
method and even to the relatively inaccurate cutoff methods. The trade off for efficiency
is the extra effort required to construct computer code to perform the “Q-minimiz-
ation” procedure and obtain the optimal influence functions G (k ). Construction of this
code is tedious, but since the code is run only a single time prior to simulation, efficiency
is less of a burden and the code can be written in a straightforward fashion. Writing
code to assign charges and interpolate forces is not difficult and is well described by
Hockney and Eastwood.

The wide utilization of FFT algorithms virtually guaranties that highly optimized
and robust library routines will be available for any desired platform. Thus, with only
minor modifications in the existing code, we can expect to reach very high efficiency on
a variety of computers just by linking to existing mathematical libraries.

As discussed in the Introduction, periodic boundary conditions are applicable in
simulations of a variety of molecular systems. By using methods such as the Ewald or
PPPM, we are able to include all periodic images in the electrostatic force calculation.
Although this may impose an artificial periodicity on the system, it is arguably a better
approximation than the currently popular methods which use a cutoff distance {9]. To
numerically investigate whether the enhanced periodicity will have significant effects,
we are currently introducing the PPPM code into the GROMOS suite of programs
[20]. With the high computational efficiency of the PPPM method, it will be possible to



19: 27 14 January 2011

Downl oaded At:

20 BROCK A. LUTY er al.

study systems of sufficient size, for reasonable lengths of time, to hopefully draw some
conclusion regarding the extent of these effects.
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